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Abstract 

Using the time-dependent annihilation and creation operators, the invariant operators, for a free 
mass and an oscillator, we find the coherent-squeezed state representation of a travelling general 
Gaussian wave packet with initial expectation values, xq and pq, of the position and momentum 
and variances, Axq and ApQ. The initial general Gaussian wave packet takes, up to a normal- 
ization factor, the form e*?'o^/?ie-(i=Fi'5)(^-^o)V4(Axo)2^ ^here <5 = ,/{2AxoApo/hy^ - 1 denotes a 
measure of deviation from the minimum uncertainty or the initial position-momentum correlation 
6 = 2A(xp)Q/h. The travelling Gaussian wave packet takes, up to a time-dependent phase and 
normalization factor, the form e«Pca::/?ig-(i-22A{a;p)t/;i)(a;-xc)^/4{Axt)2 ^^^^ ^.j^^ centroid follows the the 

classical trajectory with Xc{t) and Pc{t)- The position variance is found to have additionally a 
linearly time-dependent term proportional to 5 with both positive and negative signs. 
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I. INTRODUCTION 



Localized wave packets have been used as an important method to describe quantum 
motions of matters since the advent of quantum theory (for review and references, see [1, 2]). 
Recently wave packets have attracted much attention, in particular, in quantum wave packet 
revivals predicted for long time evolution of bounded state systems [3] and their experimental 
confirmation [4]. The collapse and revival of matter field has also been observed in a Bose- 
Einstein condenstate [5]. The simplest and most well-known wave packet is the Gaussian 
wave packet which is useful not only to understand concepts of wave packets but also to 
study exactly a certain type of quantum motions. In the gravitational wave detection, for 
instance, a measuring apparatus is a free mass or an oscillator and the system should be 
monitored up to quantum limit due to extreme weak gravitational waves [6, 7, 8]. There 
the quantum motion of the free mass or oscillator that will provide important information 
about the external forces can be described by wave packets. 

The Gaussian wave packet of minimum uncertainty is particularly of interest from the 
measurement point of view. It has been known that the Gaussian wave packet can have ar- 
bitrary position and momentum expectation values and the position variance or momentum 
variance [9, 10, 11, 12, 13]. Thus there seem to be at most three parameters to fix the profile 
of the Gaussian wave packet. However, the variances of the position and momentum can 
take arbitrary values as far as the uncertainty principle is satisfied. As Bohm has already 
explained [9] , the independent variances of the position and momentum necessarily mean a 
correlation between these two noncommuting operators. This conditional freedom in choos- 
ing the variances of the position and momentum may raise the question of which wave packet 
will have all four parameters, xq, pq, Axq and Apo under the provisions of Ax^Apo > h/2. 
Howard and Roy made an attempt to extend the Gaussian wave packet by introducing a 
position squared phase [14]. This additional position-dependent phase factor results in the 
position-momentum correlation and is recognized as a squeezing effect [15, 16]. 

On the other hand, various methods to construct quantum states and techniques to 
measure them have been developed in quantum optics and atomic physics (for review and 
references, see [17]). Glauber's coherent state is a useful tool to find quantum states, par- 
ticularly, of an oscillator that displace the initial wave packets and thus exhibit a classical 
feature [18]. The squeezed states deform the shape of wave packets by changing one variance 
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at the price of the other variance [19]. There is one complex parameter, equivalent to two 
real parameters, for a coherent state, and one squeeze parameter and one squeeze angle for 
a squeeze state. Then a relevant question is whether there is any connection between four 
parameters for initial wave packets and four parameters for the coherent and squeezed state. 
Years ago Yuen introduced such a coherent-squeezed state at the initial time to account 
for a negative contribution to the position variance from the initial correlation between the 
position and momentum [20]. However, there still remains unfound the exact form of the 
travelling general Gaussian wave packet evolved from an initial wave packet. 

To exploit the connection between the parameters for Gaussian wave packets and the 
parameters for coherent and squeezed states, wc shall employ the invariant operator method 
introduced by Lewis and Riesenfeld [21]. Though this method was introduced for time- 
dependent quantum systems, in particular, oscillators with time-dependent mass and/or 
frequency, it can be applied even to time-independent systems. The idea is that any operator 
satisfying the quantum Liouville-von Neumann equation provides exact solutions of the time- 
dependent Schrodinger equation up to time-dependent phase factors. For time-dependent 
oscillators, both quadratic invariant operators [21, 22, 23, 24] and linear invariant operators 
[25, 26, 27, 28, 29, 30, 31] were used to find the wave functions. 

The purpose of this paper is to apply the invariant operator method to a free mass and 
an oscillator and find the travelling general Gaussian wave packet with four parameters. For 
that purpose we find a pair of linear invariant operators, the time-dependent annihilation and 
creation operators, for the free mass and the oscillator and then use them to find a coherent- 
squeezed state that is an exact solution of the time-dependent Schrodinger equation. And 
then we relate one complex parameter for the coherent state and two real parameters for 
the squeezed state with the four parameters for the initial Gaussian wave packet. This 
identification provides the explicit form of travelling general Gaussian wave packet that has 
the required initial parameters. 

The organization of this paper is as follows. In Sec. II, it is shown that there are at 
most four parameters for initial Gaussian wave packets. In Sec. Ill, we apply the invariant 
operator method to find the time-dependent annihilation and creation operators for a free 
mass and an oscillator. It is shown that a general annihilation operator is a unitary transform 
of some preferred one via a squeeze operator. In Sec. IV, the general wave packet is 
obtained as a coherent-squeezed state of some preferred Gaussian wave packet. In. Sec. 
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V, we determine one complex parameter, one squeeze parameter and angle in terms of four 
parameters for an initial Gaussian wave packet. And then we find the evolution of variances 
of the position and momentum. 



II. GAUSSIAN WAVE PACKETS 

In the Schrodinger picture, many textbooks (for instance, see [11, 12, 13]) use the Gaus- 
sian wave packet in the position space 



and in the momentum space 



J,(„ f — n\ — 1 -i(p-po)xo/n ~(p-po]^/4(Apo)^ /2^ 

Wt-Uj - ^2(Apo)2)V4'' ^ ' 

where the variances of the position and momentum are related by the minimum uncertainty 

AxoApo = ^. (3) 

The Gaussian wave packet (1) has the expectation values and the variances of the position 
and momentum 

(V'(a;,0)|x|^(x,0)) = xo, OjIplV'lx, 0)) = po, 

{^l;(x,Om-{x))'mx,0)) = (Axo)^ (V'(x,0)|(p- (p))Xx,0)) = (Apo)^ (4) 

However, as far as the uncertainty principle is satisfied, one can have four parameters to 
fix the profile of a general Gaussian wave packet at the initial time: two expectation values 
and two variances 

xo = {x)o, po = (p)o, 
{AxoY = ((£ - ^o)')o, iAp,r = Hp - pof)o. (5) 

A simple way to make the momentum variance independent of the position variance without 
changing the probability distribution in the position space would introduce a phase factor 
[14] 

^(x, i = 0) = e^'^^'/Vla;, ^ = 0). (6) 
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There is no new parameter in the wave function of the Schrodinger equation except for the 
four parameters in the initial wave packet, since the evolution of the wave packet is entirely 
determined by 

^{x, t) = e-^^*/V(^, 0) = / ^ = 0). (7) 

On the other hand, in the Heisenberg picture, an operator evolves according to the 
Heisenberg equation 



= 0, 

= 0. (9) 



For a free mass, the Heisenberg equations become 

dt m ' dt 
d^{x^) _ dip") 

dt"^ m? ' dt 

Then the expectation values of the position and momentum at any time can be found as 
[20, 32] 

{x)t = (^)o + (p)o— , 
m 

{P)t = (P)0, (10) 

and the variances as 

(Ax,)' = (Axof + {{(x - {x)o)(p - (p)o) + (P - (p)o)(x - (^)o))o}^ + i^Pof^, 
{Ap,f = (Apo)'. (11) 

One can see from (10) and (11) that there are four independent initial data: {x)o, (p)o, Axq 
and Apo. A similar argument holds for the oscillator [32]. The hnearly time-dependent 
term in (11) was introduced earlier in [10] and was discussed later in the context of coherent 
states [20, 33]. It should be noted that the linearly time-dependent term is related with the 
correlation between the noncommuting operators x and p [9] . 

III. INVARIANT OPERATOR METHOD 

An immediate question may be asked which wave packet has the four parameters (5) to 
fit the initial profile. Instead of directly looking for such a wave packet, we go around by 
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solving the time-dependent Schrodinger equation 



ih^^{x,t)^H{t)<if, (12) 



for the free mass or the oscillator 

9 ^ p mu' 
2m' ° 2m 2 



Hf-^, Ho = ^ + ^x\ (13) 



Though it would be straightforward to solve (12) for the free mass and the oscillator, we shall 

use the invariant operator method by Lewis and Ricsenfeld [21]. In the invariant operator 
method one first solves the quantum Liouville-von Neumann equation 

di ^ - 

ih- + [I,H] = 0, (14) 

and then finds the eigenfunction 

i{t)ilJx{x,t)^\i^xix,t). (15) 
Then the wave function of the Schrodinger equation is given by 

Though the invariant operator method was originally introduced to study time-dependent 
quantum systems, it can be used even for time-independent systems such as (13). 

It is known that there are a pair of invariant operators of the form [25, 26, 27, 28, 29, 30, 

31] 

a{t) = -^{u*{t)p - mu*{t)x), a^(i) = --^{u{t)p - mu{t)x), (17) 
where is a complex solution of the motion either for the free mass 

ii=0, (18) 

or for the oscillator 

ii + c;\ = 0. (19) 
When the wronskian condition is imposed 

m{uu* — iiu*) — i, (20) 
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the invariant operators (17) become the time-dependent annihilation (lowering) and creation 
(raising) operators that satisfy the equal time commutation relation 

m,d^{t)]^i. (21) 

For instance, the complex solution to the oscillator 

Mt) = (22) 

satisfies (20) and leads to the invariant operators 

a{t) = e^'^*a, a^t) = e-^'^*a^ (23) 

where a and are the standard annihilation and creation operators 

d= , — :(\/mu!x-\ — p], = —=( Wmux — 0). (24) 

Note that the invariant operators have the opposite sign in the frequency from that of the 
Heisenberg operators 

aH{t) = e-'^'d, d^Hit) = e'^'o). (25) 

Prom now on we shall find a more general solution to (18) and (19). The general solution 
can be found in the form 

Ur{t) = (coshr)Ho(i) + {e''^ sin]ir)ul{t), (r > 0, 27r > i? > 0) (26) 

where Uq is a preferred solution satisfying (20) for the free mass 

.o(t) = ^(l-4)' (27) 



and (22) for the oscillator. Note that there are two arbitrary real parameters r and d in 
the general solution (26) which are required for a second order differential equation. The 
general solution (26) leads to a Bogoliubov transformation between the operators d^ and aj 
obtained by putting Ur and those operators oq and obtained by putting uq in (17): 

dr{t) — (coshr)ao(i) — (e'''sinhr)ao(i), 

dl{t) = (cosh r)aj(t) - (e"^'^sinhr)ao(t). (28) 

Here r is a squeeze parameter and ■»? is a squeeze angle. In fact, in terms of the squeeze 
operator 

Siz, t) = e(-»o(*)--*4')/2^ z = e^^'^-'^V, (29) 



Qr can be written as a unitary transformation [19] 

dr{t) = S{z, t)ao{t)S^{z, t). (30) 

Hence any wave function obtained by using dr and aj is the squeezed state of the corre- 
sponding wave function by d and d"^ . For instance, the number state tpnr of Nr = aja^ is the 
squeezed number state of ipno of Nq = agao, that is, ipnr = 'S'V'no- 

IV. COHERENT-SQUEEZED STATES 

To find the general Gaussian wave packet, we introduce a coherent state 

dr{t)lpar{x, t) = aipar{x, t), (31) 

for a complex number a. It follows from (30) that ijjar is the squeezed state of the coherent 
state ipao defined by do- In fact, the state (31) is the coherent-squeezed state (ideal squeezed 
state) [34] 

ipar{x, t) = D{a, t)S{z, t)ipoo{x, t), (32) 

where D — e""'-~" ""^ is the displacement operator and ■0oo is the ground state of dodo. Note 
that the coherent-squeezed state (31) has one complex constant a, two real constants r and 
■(9, which will be related with four parameters in (5). From the position and momentum 
operators 

X = Vh{ur{t)dr{t) + u*.{t)dl{t)), 

p= Vhm{ur{t)dr{t) +u;{t)dl{t)), (33) 
their expectation values with respect to the coherent state (31) yield 

{lparit)\x\lparit)) = Vh{Ur{t)a + ul{t)a*) , 

{lpar{t)\p\iJar{t)) = Vhm{Ur{t)a + ul{t)a*) . (34) 

We shall choose a for the free mass 

a = —={ (cosh r — e*^sinhr)a;o + i (cosh r + e*''sinhr)po}, (35) 

and for the oscillator 

I i 

a — — ^={-\/ma;(coshr — e*^sinhr)xo -l- ^ (cosh r -|- e*^sinhr)po}- (36) 

8 



Then the expectation values follow the classical trajectory 

{iJar{t)\x\^ar{t)) = Xc{t), {iJar{t)\p\^ar{t)) = Pc{t) , (37) 

where the classical position Xc for the free mass or the oscillator is, respectively, 

t 

Xc{t) = Xq+Po — , 

m 

xJt) — xo cos(c<;t) + sin(a;t). (38) 

mw 

The classical momentum is simply given by Pc — mXc- Note that the classical position and 
momentum have the initial values Xc{0) — xq and Pc{0) — Po as expected. 
Finally, we obtain the wave packet for the coherent state (31) 

where Sc is the classical action 

Sc{t)^ f Lc{t')dt'. (40) 
The classical Lagrangian Lc for the free mass is 

L.it) = pM = A^ (41) 
' 2m 2m' ^ ^ 



and for the oscillator 



^^^^^ ^ 1^ " ^"^'^^^ = (|| " " ^^^^ 

As e~*'^=/^ is a pure phase factor, the centroid of the Gaussian wave packet (39) follows the 
same classical trajectory as expected of a coherent state: 

{^„rit)\x\^arit))^Xcit), (*„.(i) |p|*ar(^)) = Pc(^)- (43) 

Thus we have obtained the travelling general wave packet (39) whose centroid is the classical 
trajectory (38). 



V. SQUEEZE PARAMETERS 

The free mass has the time-dependent variance of the position with respect to the Gaus- 
sian wave packet (39) 

iAx,r = humurit) = ^{e^'^(cos ^ + ^-^4y + e-^^(sin ^ - ^ cos ^)^}, (44) 
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and the constant variance of the momentum 

{Aptf = hmX{t)Mt) = |(e"'sm^ ^ + ^-'^'cos^ |). (45) 
Similarly, the oscillator has the time-dependent variances of the position and momentum 

{Axtf = -^{cosh(2r) + sinh(2r) cos(2a;t - 1?)}, 

{Aptf = ^^{cosh(2r) -sinh(2r)cos(2u;i-'(?)}. (46) 

However, the correlation between the position and momentum is not an independent quan- 
tity but is determined either by r and d or Axt or Apt since the parameters r and ■»? are 
determined by the two variances or vice versa. The position-momentum correlation 

1 TlTTl 

A(xp)t = -{ip-Pc)x - X,) + {x- Xc)ip-Pc)) = -YiKit)Mt) + Kit)Mt)) (47) 

is for the free mass 

A{xp)t = ^{sinh(2r) sini? + (cosh(2r) - sinh(2r) cosi?) — }, (48) 
and for the oscillator 

A(xp)t = -- sinh(2r) sm{2u;t - (49) 

Now we determine the squeeze parameter r and squeeze angle i) in terms of the initial 
variances at t = 0. The parameters r and -d for the free mass are given by 

cosh(2r) = lii^xof + (Apo)'}, 
cosi?sinh(2r) = ^{{Axq)'^ - {Apof}, (50) 

and for the oscillator are given by 

1 1 

cosh(2r) = -lmuj(AxoY -{ (Apo)^l, 

n ^ muj ' 

cosi?sinh(2r) = ^imujiAxof ^—iApof]. (51) 

In both cases of the free mass and the oscillator, an important dimensionless parameter that 
denotes the amount of deviation from the minimum uncertainty or the position-momentum 
correlation at the initial time can be introduced 

2 



sin ^ sinh(2r) = tH^p)o = ±^{2AxoApo/h)'^ - 1 = ±5. (52) 



h 
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It should be noted that the position-momentum correlation is determined by the variances 
of the position and momentum as expected. Here and in this paper it is assumed that the 
variances satisfy the uncertainty principle 

AxoApo > ^. (53) 

Using (50) or (51), it is easy to show that the initial general Gaussian wave packet for 
both the free mass and the oscillator takes the form 

For the minimum uncertainty, {AxqApq = h/2 and so 5 = 0), we recover the wave packet 
(7) with the initial distribution (1) and (2). However, the minimum uncertainty does not 
always imply r — 0, since one may choose '& — and — y^A Xq for the free mass and 
e'- = ^J2mu;/hAxo for the oscillator, or i? = tt and = ^J2/nAp for the free mass and 
— ^j2/hmujApQ for the oscillator. The minimum energy will select r = and i? = for 
both the free mass and oscillator. Using (20), we write the exponent of (39) as 

mil* i + m{u*.Ur + u*Ur) i + 2A{xp)t/h 



hu* 2hu;ur 2{Axty 

and, finally, obtain the travelling wave packet in the form 



(55) 



^ar{x,t) = ( ^ Y/^^-~iSc(t)/h^ipM)x/h^-(l-2iA(xp)t/h)(x-xM?/MAxt)\ ^gg^ 

"'^ ' ^V2Trhu*{t)^ 
From (50), (51) and (52), the variances at any time can be found for the free mass 

{Axtf = (Axo)' ± hS- + {ApoY^, (57) 



m rn? 



and for the oscillator 

iAxtf = {Ax^f cos'iujt) ± sin(2cut) + sin^iujt). (58) 

2muj [mujY 

The linearly timc-dcpcndcnt term in (57) or (58) was interpreted due to the probability 
current of the initial wave packet [10, 33]. Later Yuen solved the Heisenberg equation for 
the position variance using an initial coherent-squeezed state to get such a linearly time- 
dependent term, in particular, with the negative sign [20]. Here we have found the travelling 
general wave packet from the initial one and thereby have obtained the variances. It is not 
hard to show that (52) comes from the correlation between x and p at the initial time. 
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There are two interesting cases of minimal- and maximal-uncertainty states. First, the 
variance of the position in the minimal-uncertainty {5 — 0) states monotonically increases 
for the free mass 



but oscillates for the oscillator 

(Axt)^ = (Axo)^cos^(u;t) 



sin^(cc;t). 



(59) 



(60) 



The spreading of the wave packet for the free particle is inevitable for minimal-uncertainty 
states. For nonminimal-uncertainty {S > 0) state, however, there is one interesting case for 
the negative sign of (57). Though the late time evolution of variance is dominated by the 
last term, there is an interim when the variance first decreases until 

hmS 



,2' 



(61) 



and then increases to the initial value Axq at t — 2t. The minimum value of the variance is 



Axl 



SAxl 



(62) 



4 ' 4Ap§' 

Second, the maximal-uncertainty {5 ^ 1) states, have approximately the position variance 
for the free mass 

ns t 



Axt 



Axo ± 



and for the oscillator 



Ax, 



Axq cos(a;t) ± 



2Aa;o m 



hS 



■ sin (tut) 



(63) 



(64) 



2mu!Axo 

For maximal-uncertainty states one has Axr ~ V^Axo/2. It is thus possible, in principle, to 
measure the position the second time without much disturbance from the first measurement 
[20]. 



VI. CONCLUSION 



Gaussian wave packets have many applications, for instance, in quantum optics or atomic 
physics or quantum measurement theory. In particular, the quantum motion of the measur- 
ing apparatus of a free mass or an oscillator will be monitored to detect the gravitational 
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waves. The general Gaussian wave packet can have four parameters to be fixed: the expec- 
tation values, xq and po, and the variances, Axq and Apo of the position and momentum. 
The only constraint on the variances is the uncertainty principle, AxqApq > h/2. 

In this paper we have found a coherent-squeezed state representation of the travelling 
general Gaussian wave packet. The squeeze parameter and angle for a squeezed state are 
determined by the initial variances of the position and momentum, which are given by (50) 
for the free mass and by (51) for the oscillator. Further, the complex parameter for the 
coherent state is related with the centroid of the Gaussian wave packet and is determined 
by (35) for the free mass and by (36) for the oscillator. Thus we have been able to obtain 
the travelling general Gaussian wave packet (56) whose centroid moves along the classical 
trajectory with Xc{t) and Pc{t)- The minimal-uncertainty states keep the well-known form 
whereas all the other nonminimal-uncertainty states have an additional position-squared 
phase proportional to a dimensionless measure of deviation from the minimum uncertainty 
or the initial position-momentum correlation. The effect of this phase is to correlate the 
initial position and momentum and modify the time evolution of the variances as given by 
(57) for the free mass and (58) for the oscillator. 

An important consequence of the travelling general Gaussian wave packet (56) is that 
all non-minimal uncertainty states will have an additional contribution to the variances of 
the position, the linearly time-dependent term in (57) for the free mass and in (58) for 
the oscillator. There exists a specific initial Gaussian profile (56) with the negative sign 
for the free mass that will contribute negatively to the position variance and result in a 
minimum variance at a certain moment (61). Yuen proposed such a state, the so-called 
contractive state, and used it to test the standard limit for monitoring the free mass system 
[20]. However, the state was defined only at the initial time and the evolution of variances 
was found in the Heisenberg picture. In our coherent-squeezed state representation, the 
wave packet is the travelling general Gaussian wave packet from an initial general Gaussian 
one. It would be interesting to investigate how to prepare such a state with minimal variance 
of the position and how the system evolves during measurements. The travelling general 
wave packets are also expected to have useful applications in studying quantum revivals and 
collapses. 
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